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PLASTIC DEFORMATION OF THIN PLATES WITH A 
SPHERICAL INDENTER 
ABSTRACT 
A rnethod of determining the stress distribution in a 
thin plate deformed with a spherical indenter is presented 
in this report. The analysis is formulated in cylindrical 
coordinates and utili~es the basic principles of plasticity 
(von Mises yield criteria, Luwig stress-strain equation, 
Hencky Deformation Theory, etc.). The problem is solved 
through the utility of a displacement function that, by 
virtue of its definition, automatically assures that the 
condition of volume constancy is satisfied. The boundary 
conditions are selected on the basis of having average,. or 
integrated, effects corresponding to the physical con-
straints of the problem. Numerical integration is intro-
duced to assist in the handling of the complicated 
calculations. 
Experimental results have been documented that verify 
the analytical analysis and show the response of plates of 
variable thickness and different materials subjected to the 
action of a spherical indenter. 
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INTRODUCTION 
The elastic theory of plates was formulated by Kirchoff 
over a century ago in 1850, and the basic theory of plasti-
city was founded by Tresca in 1868. However, the plastic 
behavior of plates was not seriously studied until Hopkins 
and Prager's Paper on plates was published in 1953. The 
recent interest in metal forming and the advanced state-of-
the-art in plasticity. has lead to more advanced work in this 
field. 'rhe specific subject of this report is a study of 
the plastic deformation of a thin circular clamped plate 
subjected to the action of a rigid spherical indenter. 
Several assumptions are made at the outset of this prob-
lem: (1) The friction force between the spherical indenter 
and the plate is neglected (lubrication is provided to -augment 
this) . (2) There is no net sliding between the blank holder 
and the plate. (3) The indenter is rigid. This study is 
concerned with the distribution of· stresses and strains in 
the plastically deformed plate. The analytical analysis 
follows the approach given in reference (b) where the concept 
of a displacement function has been introduced. Cylindrical 
coordinates are selected for this analysis because of the 
symmetry of the applied load and the resulting plate 
deformation. The problem can be considered as axially 
symmetric and is therefore reduced to two-dimensional 
variations in the r and z - directions only. The main 
problem parameters to be studied are: plate centerline 
displacement; plate thickness-to-diameter ratio (h/R ) ; and 
0 
the plate material properties. The plate materials sel-
ected for this study are 303 stainless steel, aluminum 
(6061) and mild-steel (Cl020). 
The purposes of this study are as follow: (1) To 
employ the basic equations of plasticity to establish a 
displacement function from which the distribution of 
stresses and strains within the deformed plate can be 
found. (2) To obtain the variation of plate thickness 
and the plate profile for a given load. (3) To learn the 
effects of the pertinent parameters listed previously. 
The plate material yield strength, cr , and the slope 
0 
of the work hardening curve, b, are determined from a 
simple tension test of each material for each plate thick-
ness. Some justifiable restrictions have been introduced 
in regard to the boundary conditions used for solving for 
the coefficients of the displacement·function. The result-
ing states of stress and strain, wafer profile, and applied 
force-wafer deflection are all illustrated in numerous 
graphs, and a comparison is made with experimental results. 
2 
REVIEW OF LITERATURE 
In recent years, information concerning the behavior of 
beams in the plastic range have been presented. Only a very 
few complete solutions have been obtained, thus the general 
problem of plastic deformation of a plate is one of particu-
lar significance in the field of mechanics. 
·plasticity solutions are usually obtained by combining 
the equilibrium equations, stress-strain relations, yield 
criteria, boundary conditions, etc. as illustrated in Ref-
erence (a) . Johnson and Mellor (Reference a) discuss the 
fundamental theory of plastic deformation and its appli-
cation to modern engineering techniques. A number of 
experimental investigations of metal forming processes are 
discussed as examples of a practical importance. Deep cup 
drawing (as a means of metal forming) and the subject of 
this report are similar in experimen~al procedure, but have 
different boundary conditions and are solved by different 
approaches. Davis and Jackson (Reference b) illustrated 
an approach of combining the equations of plasticity in a 
plastic analysis that involves a single parameter - the 
displacement function. Ford (Reference d) indicated that 
the mathematical theory and the technological efforts are 
both important subjects in the study of plasticity. The 
difficulties in applying the mathematical analysis of 
plasticity to practical problems is that real materials 
under.load in the plastic range no longer have simple 
3 
idealized properties as in elasticity. Fortunately, yield 
criteria and flow laws have been determined from experi-
mental work that adequately describe most plasticity 
phenomenon. References (d), (f) and (g) all point out that 
the basic requirement of plastic flow is that the volume of 
the material remains constant during plastic deformation. 
Whenever the resultant plastic deformations are small, 
conventional strains can be used in the volume constancy 
and St. Venant flow law equations without introducing 
serious error. In reference (e), Hill discusses two 
criterion of yield, Tresca's and von Mises'. By suitable 
choice of the value of the yield strength, the two criteria 
can be made to agree with each other and with experiment 
4 
for certain states of stress. Hill has further pointed out 
that the von Mises' criteria fits the data closer than Tresca's 
for most metals, and it is considered to be in excellent 
agreement with experiment for many ductile metals; for 
example, aluminum, cold worked mild steel, medium carbon 
and alloy steels, etc. Even though Tresca's theory has 
certain advantages of mathematical convenience, the von 
Mises theory is used in this report. Timoshenko, Refer-
ence (c) , introduced a stress function to solve problems 
relating to large elastic deformation of plates. The 
displacement function, as presented in Davis' paper, works 
in a similar manner for obtaining.the stresses in the 
plastic range. These literature reviews tend to indicate 
the present state-of-the art, and the results contained 
therein have been very useful in the formulation and 
analysis of the subject problem of this report. 
5 
STRESS ANALYSIS 
In solving problems dealing with plastic deformation, 
several assumptions are usually made in regard to the 
behavior of the material in the plastic domain. The 
theoretical analysis in this report is subject to ·the 
following assumptions: 
(1) The material is supposed to be homogeneous and 
isotropic. That is to say, it has the same 
properties, such as strain hardening and yield 
stress, in all directions and at all points. 
(2) The onset of plastic yield takes place sharply. 
(3) The yield stress is independent of the direction 
of straining, that is, there is no Bauschinger 
effect. 
(4) The yield stress curve is not time-dependent and 
there are no strain-rate effects. 
The plastic action of a flat plate with clamped edges, 
subjected to the load exerted by a rigid spherical indenter, 
is the specific problem to be analyzed in this thesis. A 
skematic illustration of the plate-indenter system is shown 
in F~gure 1. As soon as the indenter makes contact with 
the initially flat plate, the plate is under the action of 
elastic stresses and strains. As more load is applied, the 
distortion increases and the plate material eventually 
6 
flows plastically. In other words, the plate is permanent-
ly deformed. The geometrical shape of the plate and the 
contact area between the plate and indenter both suggest 
that cylindrical coordinates be used instead of the famil-
iar rectangular cartesian coordinates. The coord~nate axes 
are r, e and Z, measured in the radial, tangential and 
axial directions, respectively. In the case of axial 
symmetry, which is tacitly assumed in this problem, there 
is no variation along the circumferential coordinate e, 
thereby greatly simplifying the analysis. 
As the plate deforms plastically, a point P on the 
initially flat plate (Figure 1) moves along a curve PP' 









FIGURE 1 POSTULATED WAFER PROFILE FOR TWO-DIMENSIONAL 
ANALYSIS. 
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displacement u is zero at the center by reason of symmetry, 
and achieves a maximum value on the top plate surface. 
I. Basic Equations of Plasticity The deformation of an 
element in a body is commonly represented by a displacement 
vector. In cylindrical-coordinates, the components· of the 
displacement vector are u, v and w, and they are the 
displacements of a particle along the radial, circumfer-
ential and axial directions, respectively. Accordingly, 
these three components are single-valued, continuous 
differentiable functions of r and z which serve to define 
the strain. The normal strains in the directions of the 




z = az 
( 1) . 
The only non-vanishing component of shearing strain is, by 
virtue of the axial symmetry, 
Yrz = au E + 
aw 
ar 
During plastic deformation, it is usually assumed, 
(2) 
based on experimental evidence, that the volume of material 
remains unchanged. The equation of volume constancy in 
terms of the strains ma·y be formulated as 
( 3) 
8 
The displacement function, ~-~(r, z), presented in reference 




w = 1~ r ar (4) 
and satisf~es the volume constancy equation (3) identi-
cally. The function ~ must possess continuous derivatives 
up to and including fourth order, since the strains are 
single-valued and continuous. 
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Consider an element in cylindrical coordinates at static 
equilibrium, and assume that the acceleration forces and body 
forces due to gravity vanish. The equilibrium equations for 
this situation are obtained from a summation of the forces in 
the three orthogonal directions. For axially symmetric prob-
lems, the equilibrium equations are 
dT + rz 
ar 
dT + rz 
az-




where cr , cre, cr are the normal stresses acting in the r z 
radial, circumferential, and axial directions, respective-
ly, and T is the shear stress acting on the z-plane in 
rz 
the r-direction. The third equilibrium equation is satis-
fied identically for all possible states of stress. One 
proposed postulate for predicting plastic yielding is to 
consider that as some scalar function of the principle 
stress differences reaches a critical value, the material 
10 
starts to yield. It is recognized that the yield condition 
is extremely important in dealing with plastic fl01v, and it 
can be defined in accordance with experimental research. 
Usually the yield criteria is such that the hydrostatic 
stress has no influence on yielding. Because the material 
is isotropic and the yield strength is only related to the 
intensity of stress, yielding is independent of the dir-
ection of the coordinate system. Reference (h) states, 
therefore, that in accordance with the postulation of von 
Mises, a functional relationship exists between the sums 
of the squares of the principal stress differences. That 
is, the second deviatoric stress invariant is acceptable 
for describing incipient plastic deformation. The 
octahedral shear stress is defined as one third of the square 
root of the'second invariant of the deviatoric stress 
tensor. Thus the relation between the octahedral shear 
stress and effective stress, as measured in a uniaxial 
tension test, is 
-
cr = 3 
•oct (6)" 
/2 
-where a is the effective stress and T t is the octahedral 
oc 
11 
shear stress. The conventional form of the von Mises yield 
criteria for the problem of interest here is written as 
(a - a 8) 2 + (a -a ) 2 + (a -a ) 2 + 6 r e z z r T
2 
= 2 a 2 
rz 
(7) 
The octahedral shearing strain can also be derived in terms 
of the deviatoric strain tensor. Accordingly, reference 
(d) gives the definition of octahedral shear strain, and, 
for this particular problem, it is written as 
where y is the octahedral shear strain. Reference (f) 
oct 
defines the effective strain in terms of the octahedral 





wher~ e: is the effective strain in the plastic region as 
measured in a uniaxial tension test •. Combining equation 
(8) and equation (9), the effective strain becomes 
e: = /2 
-3-
12 
Reference (b) presents Luwik's emprical equation for 
the linear relationship between effective stress and strain. 
~hat is 
cr = cr + be 
0 
(11) 
where cr is the initial yield stress, b is the strain hard-
o 
ening rate, or the slope of the stress-strain curve in the 
plastic range, as shown in Figure 2. This equation implies 
that the material is rigid up to the yield stress, and then 
deforms at a constant strain~hardening rate (Figure 2) • 
Therefore, the elastic strain is neglected in this analysis. 
The flow law proposed by Saint Venant is considered as 
the most effective for interpreting the plastic behavior of 
a rigid-plastic material. This law can be expressed in 
tensor equations (reference f) as 
S' = 2 A E' (12) 
E" = 0 
where S' is the deviatoric stress tensor, A is a variable 
scalar factor, E' is the time rate of deviatoric strain ten-
sor, and E 11 is the spherical strain tensor. The second equa-
tion indicates that the sum of the normal strains is equal to 
zero, and is reffered to as the volume constancy equation. 
In the case of small plastic strains (strains up to 





EFFECTIVE or TRUE STRAIN ( e: ) 
FIGURE 2 IDEAL STRESS-STRAIN DIAGRAM FOR RIGID, 
LINEAR WORK-HARDENING MATERIAL. 
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Hencky deformation theory is valid and much easier to 
manipulate. As also indicated in reference (f), the strains 
and strain increments are proportional as shown in the 
following equation: 
d£z d£ 
= = -~- (13) 
e: 
z e: 
The first equation of the Saint Venant flow theory can 
be expressed as a proportionality of the deviatoric stress 
tensor and the strain increment tensor. Expanding this 
tensor equation and combining with equation (13), the 
Hencky plastic stress-strain relations are obtained as 
follows: 
2cr 0"6 (j e: r - z r 
= -2cr 6 (j (j £a z - r 
2cr (j (j e:z z - r -- a = (14) . 
2crr 
-
a6 az e:r 
6 t' 
rz Yrz 
= 2cr - 0"6 az e: r r 
According to reference (b) , the first two of equations 
(14) are not independent since they reduce to the equation 
of volume constancy when combined. 
15 
The aforementioned equations, described in the previous 
paragraphs, will be used in the following analysis of the 
plastic deformation of clamped, thin, circular plates. 
II. Method of Solution: Reference (b) presents the basic 
approach for obtaining the stresses and strains in the 
deformed plate by proper selection of a displacement 
function. The choice of the displacement function which 
approximately satisfies the governing differential equation 
(shown later), and the appropriate boundary conditions, will 
be adequate for determining the resulting displacements, 
strains, and stresses. The axial stress (crz) can be inte-
grated across the surface of the plate and the result 
compared with the experimentally determined applied load. 
From the expanded Hencky deformation theory, equations 
(14), the expressions for axial stress (cr ) and shear stress 
z 
(Tr2 )in terms of the radial and circumferential stresses are 
obtained. Combining these two equations with the von Mises 
yield criterion, equation (7) , the difference between the 
radial and circumferential stress is 
.... 
a 
£ - £ e r 
(15) 
13 




The difference between the radial and axial stress is 
- · · ( 2 e: r· + · e:' e ) 0 
0 0 = (17) r z (e:2 2 2 ~ 13 + e: e:e + e:e + ~4 Yrz) r r· 
Combining the equation of volume constancy together 






Therefore, equations (15), (16), (17) and (18} can be 
written in terms of the effective strain as 















Substituting equations (19) and (20) into the first 
equation of equilibrium, equation (5), a differential 




-( a (22) 
Using equations (20) and (21) in the second of equations 









Taking partial derivatives of equations (22) and (23) with 
respect to z and r, respectively, and eliminating the 
radial stress in these two equations, a single equation is 
obtained that, as will be shown next, contains only one 
characteristic parameter and the appropriate material 
factors. The prerequisite manipulation is made by introd-
ucing the strain-displacement function relationships, 
equations (1), (2) and (4), to achieve a single governing 
partial differential equation for determining the displace-
ment function ~. The reduction of the equations of plasti-
city to a single equation involving a single parameter 
(~ - displacement function) greatly assists in the analysis 
of the usually complex plastic stress analyses. This final 
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( (J ) + 2. () ~ - 21)!) a (J ) 
-- az ---r az ar r 
£ £ 
2 
a ) 0 (J = araz 
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These operators contain the same terms as the Laplacian 
operator, but have different signs. 
By the above analysis, the subject plate problem has 
been reduced to seeking a solution to equation (24) such 
that the stress and displacement components satisfy the 
boundary conditions. Reference {b) pointed out that the 
exact solution for equation (24) is improbable, and the 
18 
(24) 
numerical solution is also difficult, however, it is useful 
for checking the validi_ty of an assumed displacement 
function. The method to be used in this report is to assume 
ari approximate displacement function in the form of a poly-
nomial in terms of r and z, make it fit all boundary 
conditions, and then check the degree to which equation 
(24) is satisfied. 
III. Resulting Stress Equations: One of the most 
important purposes of this report is to obtain the stress 
distribution in the plastically deformed plate. For the 
analytical part of the investigation, the plate is consid-
ered to be deformed as shown in Figure 1. The method 
described in the for~going sections for predicting the 
action of a clamped plate under the load of a spherical 
indenter will now be applied. The first step in the 
analysis is to select an appropriate displacement function 
. 
which is based on the assumed profile of the deformed 




where a 1 , a 2 , a 3 , a 4 and a 5 are displacement coeeficients, 
and are constant with respect to the coordinate axes.r and 
z. The proper selection of each term in the polynomial is 
the first requirement for achieving accurate results. 
However, it is one of the most difficult steps to accomplish, 
and requires the consideration of many factors. Several 
restrictions have been made for the assumed displacement 
function. First, the slope of the deformed plate at the 
center is zer? by virtue of the symmetrical ·load. Secondly, 
·the radial displacement at the plate center is zero because of 
20 
the axial symmetry of the plate (see reference (h)). Thirdly, 
no terms of the displacement function can include r to the 
first or zeroth power'· otherwise, the axial displacement 
will be infinite at the center of the plate. These three 
conditions are automatically satisfied for the polynomial 
expression as shown in equation (25) • A five-term poly-
nomial series is selected as the displacement function 
with the anticipation that this will adequately define 
the subject plate problem. More terms could be added to 
obtain more precise results; however, there are no inte-
gration formulas available for integrating the equilibrium 
equation (equation (38)) if higher order terms are involved. 
This is a subject to be considered in future work efforts. 
Substituting the displacement function, 1jJ, into equation 
(4), the radial and axial displacements become 
(26) 
(27) 
After careful examination of both the radial and axial 
displacements, it is found that the plate deforms into a 
parabolic shape, symmetrical with respect to the z-axis. 
There is no radial displacement at the center of the plate, 
. . 
and the plate effect discussed in reference (h) is fulfilled. 
The axial displacement of the plate center at the middle 
surface become's -2a1 • 
21 
The strain expressions can be obtained, according to 
their definitions, from equations (l) and {2) 
2 ~a5 z E: = a3 + 3a4r + r (28) 
se = a3 + a 4r 
2 
+ 3a5 z (29) 
( 30) 
( 31) 
Substituting equations (28) through (31) into equation (10), 




The first and second derivatives of a, B and y with 
respect to z will be required later and are written here 
as 
a' = 0 
(34) 
a." = 0 
2 !3" = l92a4 
2 y 11 = l44a5 
The first derivative of the shear st~ain, 
respect to z is 
2 
= - 8a r 4 
22 
( 35) 
y , with 
rz 
( 36) 
Combining equation (22) together with equations (11), (28), 




4a4 ( cro 
-3- + b)r - l a 3 az C0 o +b) (2a5 - 8a 4 z - 8a2 )r 
e: 
(37} ar =-









2 (a5 - 4a4 z - 4a 2 ) {B'r +y')r 
(ar4 + Br2 + y)3/2 ] 
( 38) 
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This last equation can be integrated with respect to r by 
using the integrating formulas presented in the table of 
integrals, reference (j). Thus the radial stress becomes 
cr = 2cr a4 
r o 1 
12 ;c;-
ln (I 4 2 + 
ar + Sr + y 
+ 
12 (4ay + s2 ) I 4 2 
ar + Sr + y 
(<2ay' - SS')r2 + Sy' + 28'1 
+ (39} 
where C is the integration constant, and is a function of z. 
Using the second equilibrium equation (23) in connection 
with equations (11), (39), (28) and (29), the expression 
for first derivative of C with respect to z is obtained. 
Since C is a function of z only, terms involving r must be 
zero and can therefore be eliminated. Integrating the 
final equation with respect to z, the constant term, C, in 
equation (39) is found to be 
(40) 
in which c1 is a constant independent of r and z. An 
application of the boundary conditions to evaluate the 
constant c1 by numerical methods will be discussed later. 
Since the radial stress has been determined, the 
remaining stresses are easily found by substituting 
equations (11) 1 (28) , ( 29) , (39) and ( 4 0) into (19) 
( 21) . The circumferential stress is formulated as 
0e = - 20 a4 1 2 8 0 ln (I 4 2 I(; + r 
12. 1--r;: ar + 8r + y + 21--;: 
+ 
0 
0 [ (2ay' - BB')r2 + 8y' - 28'y 
and the axial stress is 




{<as- 4a z - 4a 2) [ (2a y - 88') r 2 0 4 0 
+ 




From equation (20). the shear stress, -r , becomes 
rz 
T 
rz - ! [ 3 cr o + b l (2a5z 
- 3 /-2 4 2 y)~ 
v (ar + Br- + 
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As the plate deforms, the mating surface between the 
plate and the indenter increases, thus it is necessary to 
evaluate the contact radius between the plate and the in-
denter at any stage of loading. The shape_ of the 
plastically deformed plate can be considered as a part of 
a spherical surface (the remaining plate annulus section 
being straight) as shown in Figure 3. 
FIGURE 3 DIAGRAM FOR DETERMINING CONTACT RADIUS. 
(43) 
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The approximate contact raditis as obtained by plane 
geometry considerations is thus 
( 44) 
where Ro is the radius of the indenter and d is the plate 
center displacement at the bottom surface, wl~: 0 h/2· 
The contact radius, R1 , is therefore, a function of the 
parameter d which indicates the degree of deformation. 
In order to determine the six unknown quantities 
(five displacement coefficients and an integrating constant, 
c1), six boundary conditions must be specified. In general, 
these restrictions are usually sufficient to determine the 
solution uniquely. At the edge of the plate holder at_the 
top surface of the plate, the displacement in the axial 
direction remains zero while the load is applied. A 
boundary condition is obtained in this fashion as 
w = 0 at r = R , z 0 = h/2 
( 45) 
The centerline displacement at the plate bottom is equal to 
the indenter displacement; that is 
w = d at r = o, z =-h/2 ( 46) 
where d .. is the indenter displacement. If there is no net 
sliding between the plate and the plate-holder, the radial 
displacement .on the boundary at the mid-meridian plane is 
zero. That is 
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u = 0 at r = R z = o 
o, (47) 
The stress boundary conditions are difficult to be satisfied due 
to the formidable stress expressions. However, the solutions 
will be obtained in approximated form if it is permissible 
to satisfy the boundary conditions in integral form rather 
than in a pointwise manner. There are no axial forces 
exerted on the top and bottom plate surfaces except within 
the contact area. The stress boundary equations that satis-
fy these conditions can be written as 
2n J:o a rdr z = 0 at z = h/2 (48) 
2n ro crz rdr = 0 
Rl 
at z = - h/2 (49) 
The last boundary condition pertaining to the total force 
applied on the plate within the contact r~gion is expressed 
at z = - h/2 (50} 
where F is the total force applied by the indenter. 
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Since six boundaxy conditions have been presented in 
the foregoing paragraph, six unknown quantities can be 
determined as a function of the applied load or for specific 
indenter displacements. The numerical integrating formula, 
Simpson's rule, is used for solving equations (48), (49) and 
(50) since the complicated stress expressions are not amen-
able to integration by general definite integration 
techniques. The computer programs developed for this 
purpose are given in the appendix. 
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EXPERIMENTAL PROCEDURE AND RESULTS 
The properties of work harding materials are important 
parameters that influence the stresses and displacements 
existing in the deformed plate. In order to evaluate these 
material constants for different materials, a simple tension 
test must be conducted for each material. The testing 
machine used in performing these tests is shown in Figure 
4. 
FIGURE 4 TENSION TESTING MACHINE. 
The test specimens were machined to the proper size in 
accordance with A.S.T.M. standards for recta~gular cross-
section strip-stock. A test specimen was prepared .for each 
material and for each thickness and were taken longitudin-
ally from the strip as rolled. 
Budd Metalfilm post-yield strain. g~ges, type HE-121, 
were selected to be used for the stress-strain analysis. 
The gages were mounted at the center of the specimen 
following the general procedure of strain. gage mounting. 
Eastman 910 cement was used for the gage bonding. The 
strain reading facility was composed of a strain indicator 
set with a switch and balancing unit made by the Budd 
Company. A mechanical extensometer was also employed 
instead of the foil strain gages for part of the test 
specimens. ·Each unit of the dial g~ge on the extensometer 
is 0.0001 inch. Although the extensometer is not as 
accurate as the foil strain gage, it is capable of record-
ing much larger plastic strains. The extensometer also 
served as a back-up in those cases where the electrical 
resistance strain gages did not function properly. Trpe 
strains are obtained by reading the foil strain gage 
directly. True strain or logarithmic strain is defined as 
where 1 is the current gage length and 1 is the initial 
0 
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gage length. The current area, which is required for moni-
taring true stress, can be obtained from a consideration of 






where A0 and A are initial area and current area, respective-
ly. The true stress can be expressed as 
a = F 
A 
where a is the true stress, and F is the force applied on 
the specimen. The true stress-true strain curve is there-
fore plotted from the above information. The strain 
hardening constants for the different materials are evalu-
ated from these curves. 
. 
The machine used for plastically deforming the plate 
with a rigid indenter is shown in Figure 5. A one-inch 
diameter indenter, plate clamping system, two pressure 
gages with different pressure ranges, and a dial gage for 
recording indenter displacement are the main parts of this 
machine. A calibration system must be set up as shown-in 
Figure 6 to determine the total force actually applied on 
the plate for a_ given reading of the pressure_ g~ge. A 
2" x 4" x 11" rectangular beam was mounted above the 
indenter by four 5/8" diameter bolts. A 3/4" diameter 
circular steel calibrating bar, shown in Figure 7, was 
held between the spherical indenter and the overhead beam, 
and then the indenter loaded with hydraulic pressure from 
within the machine. Thus, the force applied to the indenter 
{and hence to the plate) can be determined by recording the 
strain reading from the calibrating bar and maki?g use of 
the simple force-stress-strain relations presented in most 
Mechanics of Materials texts. A pJot of the calibrated 
FIGURE 5 COMPLETE ASSEMBLY OF THE PLATE TESTING 
MA.CHINE. 
FIGURE 6 CALIBRATING SYSTEM FOR THE PLATE TESTING 
MACHINE. 
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STRAIN GAGE 
FIGURE 7 CALIBRATING BAR. 
In order to evaluate the radial and circumferential 
strain on the top surface of the plate, three or four HE-121 
type foil strain gages were bonded ih the radial and 
tangential directions at equal radii on the one-inch diameter 
circular area. The lead wires of each gage were connected 
to the different channels on a strain indicator via a switch 
and balance unit. A quarter bridge was used as the internal 
wiring system of the strain indicator. As soon as the load 
was applied on the plate, the strain in different directions 
at a specified point was obtained by balancing the indicator 
and recording the indicator readings. 
The test specimens were made of three different mater-
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MACHINE PRESSURE 103 .PSI 
FIGURE 8 CALIBRATED MACHINE READING 
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and mild steel were the materials for the specimen, and the 
plate thicknesses were 1/32", 1/16", and 3/32". The limited 
clearance (see Figure 1) between the plate holder and the 
indenter of the machine being used prevented the achieve-
ment of 111eaningful tests with the 3/32" thick plate; thus 
these results _were omitted. 
The deflection curves obtained from the test for the 
center displacement versus total force applied 'on the 
plate are considered to be extremely significant in checking 
the validity of the displacement function coefficients. 
Figure 9 shows the deviation between the experimental and 
the computed force applied on a 1/16" thick stainless 
steel plate. From this graph, it is apparent that the 
agreement between the anlaysis and experiment is good even 
for large plate deflections. The center displacement -
applied force diagram for aluminum is shown in Figure 10. 
The calculated re.sults agree with the experimental records 
through the fracture of the plate. The failure of the 
material occurs at an indenter displacement equal to 0.22". 
Figure 11 shows the center displacement - applied force 
diagram for 1/16" thick, mild steel plate. The agreement 
is also valid for an indenter displacement - plate radius 
ratio up to 0.3, and deviates less than 10% for ratios up 
to 0.5. For·l/32" aluminum plate, shown in F:igure 12, 
the curve is plotted up to 40% of the indenter displacement 
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FIGURE 9 APPLIED FORCE-INDENTER DISPLACEMENT 
FOR 303 STAINLESS STEEL. 
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FIGURE 10 APPLIED FORCE-INDENTER DISPLACEMENT 
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FIGURE 12 APPLIED FORCE-INDENTER DISPLACEMENT 
FOR ALUMINUM. THICKNESS 1/3 2" 
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Deviations as high as 20% occur just prior to fracture 
due, at least partially, to the high ductility of the 
aluminum. The rest of the unknown quantiti~s, such as 
displacements, stresses and strains, can be calculated by 
• 
the equations given previously. Figure 13 shows the pro-
file of the bottom plate surface and the expansion of the 
contact radius between the indenter and the plate for 
various indenter displacements. These curv,es are obtained 
from the calculation of the vertical displacement for the 
bottom plate .surface and equation (44), respectively. The 
profile of the deformed plate is approximately a spherical 
sector. The thickness variation at the center of the 
plate is obtained from the difference of the displacement 
between the top and bottom plate surfaces and is shown in 
Figure 14. According to these calculations, the largest 
thickness change in the whole plate occurs at the plate 
center. The theoretical circumferential strains at some 
specific points are compared with the experimental results 
in Figures 15 and 16. The deviation is rather large, 
however, this is due partially to the difficulty in 
accurately aligning and position~ng the gages in the 
required space (1" diameter), and the errors can be minimized 
if more terms are included in the displacement function. 
Figure 17 represents the radial plate displacement for 
different radial positions and indenter displacements. 
For any value of indenter displacement, the radial dis-
placement at the plate center remains zero in accordance 
·' 
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FIGURE 13 PROFILE OF DEFLECTED PLATE AND INDENTER CONTACT RADIUS FOR 
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INDENTER DI.SPLACEMENT (d/R0 ). 
FIGURE 14 THICKNESS VARIATION AT THE PLATE CENTER FOR 
303 STAINLESS STEEL .• 
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FIGURE 15 CIRCUHFERENTIAL STRAIN FOR 1/16" 
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FIGURE 16 CIRCUMFERENTIAL STRAIN FOR 1/16" 
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FIGURE 17 RADIAL DISPLACEMENT AT VARIOUS 
RADIAL POSITIONS FOR STAINLESS 
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FIGURE 18 STRESS DISTRIBUTION FOR·VARIOUS.PLATE DISPLACEMENTS. 
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FIGURE 19 STRAIN DISTRIBUTION FOR VARIOUS PLATE . 





with syrrunetry requirements. F~gure 18 shows the circumfer-
ential and radial stress distributions. The maximum stress 
exists at the center of the deformed plate, and decreases 
with an increase in radial position. The radial stress is 
equal to the circumferential stress at the center of the 
plate. Figure 19 shows the circumferential and radial 
strain distributions. The maximum circumferential and 
radial strains occur at the plate center where they are 
equal in magnitude. A photograph of some of the plates at 
fracture is shown in Figure 20. The large deformations that 
occur before fracture should be noted. 
EL (2) MILD STEEL (3) ALUMINUM (1) 303 STAINLESS STE 
11;\ -t)Q~ 
FIGURE 20 DEFORMED PLATES (1/16 11 THICK) AT FRACTURE. 
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SU~ARY AND CONCLUSION 
The displacement function, introduced in reference (b), 
was used to analyze the plastic deformation of a clamped 
circular plate with a rigid indenter. The coefficients in 
the displacement function equation have been evaluated by 
applying carefully selected boundary conditions that ade-
quately describe the actual physical constraints of the 
problem. Since the boundary conditions have an important 
influence on the final results, as well as the choice of 
the displacement function, extreme care must be exercised 
in their selection. Other trial sets of boundary conditions 
(involving point-wise agreement) have been tried for this 
problem, however, the six conditions presented in equations 
(45) through (50) are the most suitable. Even though the 
stress boundary conditions cannot be satisfied at each 
point for the complicated stress ex.pressions, the integrated 
forms presented in equations (48) , (49) and (50) are deemed 
adequate for the approximate solution to this problem. The 
discrepancy between the theoretical and experimental results 
shown in Figures 15 and 16 is believed due to the approxi-
mate assumption of the displacement function and boundary 
conditions. That is, the boundary conditions were applicable 
to the displacement and stresses, thereby not direc~ly re-
stricting the strains. The excellent agreement demonstrated 
in the remaining graphs certainly provides confidence that 
the overall solution is valid. 
50 
In order to overcome the inherent mathematical diffi-
culties in solving for the displacement function coefficients, 
computer programs were written to handle ·the problem numeri-
cally. Fortunately, the accuracy of the solution can be 
controlled to a certain extent, however, a numerical solution 
does not permit a direct evaluation of the problem parameters. 
In the graphs of stress and strain distribution, it 
appears that the largest stresses and strains exist at the 
center of the plate and decrease.toward the edge. This 
phenomenon agrees with the results from a thin plate under a 
hydraulic pressure load as shown in reference (h). The 
maximum thickness variation is also at the.plate center, and 
agrees with the observation of cup drawing for thin plates 
in reference {a). Material strain hardening, magni·tude of 
load, and plate deflection have been found to be the chief 
par~meters that ihfluence the magnitude and distribution of 
stress and strain_in the ~eformed plate: 
The major difficul-ties involved in the approach pre-
sented in this report are in the·selection of the appropriate 
terms to be used in the displacement function and in the 
acquisition of an adequate set of boundary conditions from 
the limited information on physical' constraints. The 
stresses, strains and displacements can be obtained without 
any difficulty as soon as the coefficients of the displace-
. ment function ar~ determined. The method of solution by 
this approach is considered to be valid by virtue of the 
previous work done in reference (b), and, to a certain 
extent by the ?-greement with the experimental data shown 
in this report. 
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APPENDIX - COMPUTER PROGR~1S 
The purpose of this appendix is to document the com-
puter programs used in determining the displacement function 
coefficients, th~ integration constant, and finally, the 
displacem·ents, strains, stresses and applied force. The 
computer programs are written in Fortran language as shown 
in Figure 2l, for the IBM 360 digital computer. As mentioned 
previously, the unknown quantities are obtained from a 
manipulation of equations (45) through (50). From equations 
(45), {46) and (47), three relations between the displace-








The values of the displacement coefficients can then be 
determined once a 4 and a 5 are assumed. Since the strain at 
the top center of the plate is tensile, it becomes apparent 
from equation (28) that a 5 is a positive quantity. Reference 
(g) has shown that the strains at the plate center (for 
hydraulic loadi~g) are la~ger than that at the plate-edge. 
Thus from equations (28) and (29), a 4 is a negative number. 
The relation between a 4 and a 5 is then assumed suitablly to 
fit the stress boundary condition (48). The com~uter pro-
. gram starts with an assumed small positive value for a 5 , 
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and computes a 4 , a 3 , a 1 , a 2 and c 1 from equations (48), {51), 
(52), (53) and (49), respectively. The validity of the 
assumed value of a 5 is then checked with equation {50). A 
small increment is added to a 5 after each iteration until 
the above requirements are satisfied. 
Computer programs that a~e used to compute the dis-
placements, strains, and stresses once the displacement 
function coefficients are known have been documented in 
Figure 22. A sample of the input-out data for displacement 
coefficients, displacements, strains, stresses etc. is 
shown in Figure 23. 
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